Inverse scattering refers the retrieval of the unknown constitutive parameters from measured scattered wave fields, and has many applications such as ultrasound imaging, optics, T-ray imaging, radar, and etc. Two distinct imaging strategies have been commonly used: narrow band inverse scattering approaches using a large number of transmitters and receivers, or wideband imaging approaches with smaller number of transmitters and receivers. In some biomedical imaging applications, the limited accessibility of scattered fields using externally located antenna arrays usually prefers the wideband imaging approaches. The main contribution of this paper is, therefore, to analyze the wideband inverse scattering problem from compressive sensing perspective. Specifically, the mutual coherence of the wideband imaging geometry is analyzed, which reveals a significant advantage to identify the sparse targets from very limited number of measurements.
INTRODUCTION
One of the fundamental questions in wave scattering theory is to retrieve unknown constitutive properties from measured scattering fields. Such problem -often called inverse scattering -has numerous applications in practice, such as ultrasound imaging, 1 microwave imaging, 2 terahertz imaging, 3 radar, geophysical applications, 4 and etc. Especially important form of the inverse scattering problem arises from scalar Helmholtz wave equation. For example, in electromagnetic wave propagation, if the polarization effects of the wave can be negligible, the vector Maxwell equation can be approximated using a scalar wave equation. 3 In ultrasound imaging, the sound propagation can be modeled as a scalar wave.
Two types of acquisition scheme have been currently used: narrow band imaging and wideband imaging techniques using pulse or ultrawide band signals. 4 The narrow band techniques generally require a large number of source and detector pairs to be distributed around the object of interest. In contrast, wideband imaging approaches seek to identify the presence and location of significant scatterers in the medium from reflected fields. In many medical applications of inverse scattering, the wideband imaging is more appropriate due to the limited accessibility of the scattered measurements.
Recently, compressed sensing has become the main stream of research in signal processing community. More specifically, if the unknown signal is sparse and the sensing dictionary is sufficiently incoherent from the modeling dictionary, compressive sensing tells us that perfect reconstruction is possible from very limited number of samples under Nyquist limit. 5 Considering the significant impact of the compressive sensing in many imaging area, [6] [7] [8] [9] we are interested in analyzing the performance limit of this inverse scattering problem. Narrow band inverse scattering approach has been recently analyzed from compressive sensing perspective, 10, 11 which demonstrates that sparse objects can be reconstructed significantly well using smaller number of antenna arrays. However, we are not aware of any results for the wide-band imaging problem. Therefore, the main goal of this paper is to extend the analysis for wideband imaging problem.
The main application of our theory is terahertz imaging (T-ray imaging). The terahertz pulse has broad spectrum ranges of 0.1 ∼ 10THz. A standard method to measure the terahertz pulse shape is based on the correlation with the reference pulse, which is known as terahertz time domain spectroscopy (THz-TDS). In classical terahertz imaging techniques, the THz beam is brought to an intermediate focus, and imaging targets are inserted into the region where the THz beam is collimated. This requires a time consuming point-by-point raster scanning.
12 Based on the inverse scattering theory for ultra-wideband signal, we develop a compressive acquisition scheme for THz imaging. Then, the compressive sensing theory provides an opportunity to reduce acquisition time by reducing the number of pulse measurements.
THEORY

Volume Scattering
Assume that the scalar field ψ follows the Helmholtz equation:
where S(r, k) denotes the source spectrum at r = (x, y, z), k = 2π/λ is the wave number, and n(r) is the refractive index, respectively. This can be equivalently represented as
with unknown reflectivity variations F (r) = n 2 (r) − 1, in case the refractive index of inhomogeneous materials is almost independent to wavelength. The homogeneous Green's function satisfies
whose fundamental solution under free space boundary condition is given by
Similarly, the homogeneous incident field is given by
Then, under the Born approximation that asserts ψ(r , k)
Suppose an isotropic point source with power spectrum S(k) is located at r t , and the scattered field are measured at r as shown in Fig. 1(a) . In this case, the incident field ψ i (r , k) is given by
Hence, the final form of the scattering measurement is given by
Now, let y(r;t) = y(r; k)e −jkt dk denote the inverse Fourier transform,t denotes the normalized time with respect to the speed of light such thatt = ct, and δ(·) denotes the Kronecker delta function. Then, Eq. (8) can be represented in time domain as following:
SPIE-IS&T/ Vol. 7533 75330D-2 (9) can be modified as
where
For monostatic case as shown in Fig. 1(b) , i.e. r = r t , Eq. (10) can be further simplified as
Scattering From Planar Aperture
Wave scattering measurement from a planar aperture can be analyzed using Hyugens-Fresnel principle. 13 Let ρ = (x, y) denotes a lateral coordinate. Under Fresnel approximation, the resulting expression for the scattering field at r = (ρ, z) from a planar aperture with transmittance F (ρ ) located at z is given by
where the Green's function from Fresnel approximation is given by
Suppose the incident field is a planar wave whose propagation direction is along the positive z-direction, i.e. ψ i (ρ , z ) = e ikz . Then, the scattering field measurement from the planar aperture at z = 0 is given by a 2-D convolution:
where the convolution kernel h(ρ) and its Fourier transform are given by
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In the diffraction imaging applications as shown in Fig. 2 , the measurement is directly taken from the scattering measurement without using lens. In this case, by defining y(r; k)
ψs(r;k) ke ikz i2πz
and taking the inverse Another interesting system is an image domain acquisition system with 4-f setup as illustrated in Fig. 3(a) . Only difference from the conventional 4-f system is the existence of an offcentered pinhole aperture on the Fourier plane. According to Fourier optics, 13 a thin lens with focal length f corresponds the phase transformer of the following form:
Hence, for the geometry in Fig. 3(a) , the field at z = 2f is given by
where U 1 (ρ) = ψ s (ρ, f; k) andŨ 1 ,F andH denote the Fourier transform of U 1 , F and H, respectively. Similarly, the field at 4f is given by
Therefore, if a point detector is located at the optical axis, the detector reading from the scattering field through a circular pinhole at the Fourier plane as shown in Fig. 3(b) is given by
where s θ = (cos θ, sin θ). This can be further simplified as
where circ a (x, y) and jinc(t) are defined as
and J 1 (t) is the first order Bessel function of the first kind. If a → 0, jinc ak 2πf |ρ| approach a flat function with value of π/4. Hence, by defining y(θ; k)
2 and taking the inverse Fourier transform along k, we have the following approximation:
which corresponds to the Radon transform of F (ρ). 
INVERSE PROBLEM
Volume Scattering
Let {r n } N n=1 denote the transmit/receiver antenna positions for a monostatic acquisition, and {r p } P p=1 gives the voxel positions within the field of view(FOV), respectively; {t l } L l=1 is the sampling time of the THz waveform. Note thatt L denotes the maximum travel distance from a transmitter to a target to a receive antenna; hence, it determines the FOV. Then, Eq. (9) can be represented as the following matrix equation:
T , and V denotes the voxel volume, respectively; and
which usually has very sparse non-zero elements.0 Stacking together the measurement vector at every transmit/receive antenna position, we have
T ∈ NL×P and n is the noise from system, respectively. Under the assumption that the support of the targets is sparse, the sparse recovery problem can then be reformulated as:
where ||f || 0 denotes the number of non-zero elements of f . However, (P0) is a combinatorial optimization problem; thus, convex relaxation using l 1 minimization or a greedy method has been extensively investigated, which states that a bound for the maximum number of recoverable targets is given by
where μ(G) denotes the so called mutual coherence. 14 Note that smaller mutual coherence implies that significant acceleration is possible during acquisition. Assuming sufficiently small voxel size, we can easily show that the mutual coherence μ(G) can be represented as
where the index set N pq is given by
Note that the index N pq denotes the transmit/receive antenna indices whose center position is located at an equi-distance plane perpendicular to the connecting line between r p and r q , as illustrated in Fig. 1(c) . Therefore, if we choose the transmit/receive antenna scan positions such that no more than two center positions are collinear, the cardinality of the set N is 2. In particular, for the far field targets, this implies that μ(G) 2/N 1, since the distances from the transmit or receive antenna to each voxel are approximately the same. This implies that the worst case bound of sparse recovery is N 4 , which is the same order of number of measurements.
Scattering from Planar Aperture
We can consider the case of planar aperture imaging system in a similar way to the case of volume scattering. We convert analytic forms of optical system to sequence forms. Eq.(24) can be represented in the matrix equation:
where f =
T is the columnwise vectorization of 2D matrix, and L is the number of time domain samples; and a(θ n ) is given by ⎡
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These partial matrices can be stacked by the column direction,
T ∈ R NL×P and n is the noise from system, respectively. The mutual coherence μ(A) of sensing dictionary A between distinct two points is derived as
The cardinality of the set N is 1. This is because if the acquisition angles are restricted to [0, π] , there exists only one projection angle such that a parallel ray passes two distinct points.
NUMERICAL RESULTS AND EXPERIMENTAL RESULTS
We performed a simulation for the pulse-echo mode reflection tomography. In order to verify our analysis for mutual coherence, two detector configurations were considered. In this simulation, the size of phantom is 17 × 17 × 17 and the number of non-zero voxels in the phantom is 72. The pitch of voxel is 5mm and the number of detector is 33. The signal to noise ratio is 6dB. In Fig. 4(b) , detectors are co-linearly located, which provides inaccurate reconstruction using orthogonal matching pursuit(OMP). 14 In Fig. 4(c) , the position of detectors are randomly distributed. Even though same number of detectors are used, the OMP algorithm provides very accurate reconstruction. In the simulation, the source has a broad spectrum ranges from 0 to 2THz. The comparison between Fig. 4(b) and Fig. 4(c) reveals the advantage of optimizing mutual coherence. Next, we performed a real experiment for the planar aperture acquisition system as illustrated in Fig. 3(a) . For the experiment, we used a Ti:sapphire laser oscillator which produced 50-fs-short pulses at a repetition rate of 100 MHz. The average power and the wavelength of the laser were 350 mW and ∼800 nm, respectively. For the generation and detection of THz waves, a large-area photoconductive antenna (PCA) 15 and a 1-mm-thick ZnTe electro-optic crystal were used. The offcentered aperture was fabricated with a 5-mm-diameter hole which was 15 mm off from the optic axis. A first parabolic mirror with f = 150 mm was used as the transform optic L t . The second parabolic mirror used as the imaging optic L i had a short focal length of f = 100 mm for a tight focus of the diffracted THz waves onto the detector, which was located at the center of the image plane. The time-domain signal of the THz wave was collected to retrieve the THz spectrum of up to 1.5 THz with a resolution of ∼0.01 THz. We acquired 30 waveforms at every 6 degree. The 2-D aperture in Fig. 5(a) was fabricated using metal plate, and has holes that represent 'light' in Korean. The reconstruction result using inverse radon transform in Fig. 5(b) results in radial aliasing artifacts. The l 1 minimization approach provides clearer image as shown in Fig. 5(c) . 
SUMMARY
We established ultrawide-band inverse scattering theory. We considered the several geometries of ultrawide-band illumination, such as volume scattering and scattering of planar aperture. In the geometry of volume scattering and scattering from planar aperture, the diffraction integral is expressed in terms of the matrix. The mutual coherence of such a matrix is small in time domain. Because the mutual coherence is inversely proportional to the maximum number of recoverable targets in compressed sensing, the reconstruction algorithm based on the compressed sensing theory is appropriate for the ultrawide-band inverse scattering problem. The simulations and experimental results verify our theory.
